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pǒrádné vrávoráńı.
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Č́ıselné řady a jejich konvergence.

n-karet ... d = 1
2

(
1 + 1

2 + 1
3 + 1

4 + ... + 1
n

)
,
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Č́ıselné řady a jejich konvergence.

π = 3.14159265358979323846264338327950288419717...

π = 3, 1415926... upáleńı Mistra Jana Husa,
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Ř + A + D + Y + ...
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π = 3, 1415926...
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π = 3, 1415926...
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π = 3, 1415926... narozeńı Jana Amose Komenského,
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π = 3, 1415926... narozeńı Jana Amose Komenského,
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π = 3, 1415926... narozeńı Jana Amose Komenského,
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π = 3.14159265358979323846264338327950288419717... = ?

π = 3 + 1
10 + 4

100 + 1
1000 + 5

10000 + 9
100000 + 2

1000000 + 6
10000000 + ...
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Ř + A + D + Y + ...
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Č́ıselné řady a jejich konvergence.

π = 3.14159265358979323846264338327950288419717...

π = 3, 1415926... upáleńı Mistra Jana Husa,
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Ř + A + D + Y + ...
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π = 3, 1415926... narozeńı Jana Amose Komenského,
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O čem tato p̌rednáška taky je.
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Č́ıselné řady a jejich konvergence.

s = 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ...

s = (1− 1) + (1− 1) + (1− 1) + ... = 0 + 0 + 0 + ... = 0

s = 1− (1− 1)− (1− 1)− (1− 1)− ... = 1− 0− 0− 0− ... = 1

s = 1− (1− 1 + 1− 1 + 1− 1 + ...) = 1− s

⇒ s = 1
2

s = ?
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Č́ıselné řady a jejich konvergence.

Definice.

Řadou (reálných č́ısel) rozuḿıme výraz

a1 + a2 + · · ·+ an + ... =
∞∑
n=1

an, (1)

kde pro každé n ∈ N je an ∈ R.

Č́ıslo an nazýváme n-tým členem řady (1), posloupnost (sn) definovanou p̌redpisem

sn := a1 + a2 + · · ·+ an =
n∑

k=1

ak

nazýváme posloupnost́ı částečných součt̊u řady (1).
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O čem tato p̌rednáška taky je.

Č́ıselné řady a jejich konvergence.

Existuje-li
lim sn =: s ∈ R ∪ {+∞, −∞},

nazýváme ji součtem řady (1) a ṕı̌seme

∞∑
n=1

an = s;

je-li nav́ıc s ∈ R, ř́ıkáme, že řada (1) konverguje.
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Č́ıselné řady a jejich konvergence.

Bud’ q ∈ (−1, 1). Pak pro posloupnost (sn) částečných součt̊u řady

1 + q + q2 + q3 + ... + qn−1 + ... =
∞∑
n=1

qn−1

plat́ı, že

sn =
qn − 1

q − 1
→ 0− 1

q − 1
=

1

1− q
,

a proto

s =
∞∑
n=1

qn−1 =
1

1− q
.
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Uvažujme řadu

1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ... =
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n=1

(−1)n+1.

Pak posloupnost částečných součt̊u

(sn) = 1, 0, 1, 0, 1, 0, ...

nemá limitu, a proto řada
∞∑
n=1

(−1)n+1 nemá součet.

Pro posloupnost (sn) částečných součt̊u řady

1 + 2 + 3 + 4 + ... + n + ... =
∞∑
n=1

n

plat́ı
sn = 1 + 2 + 3 + 4 + ... + n =

1

2
n(n + 1)→∞,

a proto
s =

∞∑
n=1

n =∞.
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∞∑
n=1

(−1)n+1 nemá součet.
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O čem tato p̌rednáška taky je.
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1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ... =
∞∑
n=1

(−1)n+1.

Pak posloupnost částečných součt̊u
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Ř + A + D + Y + ...
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Harmonická řada.

Uvažujme řadu

1 +
1

2
+

1

3
+

1

4
+ ... +

1

n
+ ... =

∞∑
n=1

1

n
.

Pak, protože pro každé k ∈ N plat́ı

1

2k + 1
+

1

2k + 2
+

1

2k + 3
+ ... +

1

2k+1
≥ 1

2k+1

(
2k+1 − 2k

)
=

1

2
,

je (Nicole Oresme, asi v r. 1350)

s = 1 +
1

2
+

1

3
+

1

4︸ ︷︷ ︸
≥ 1

2

+
1

5
+ ... +

1

8︸ ︷︷ ︸
≥ 1

2

+
1

9
+ ... +

1

16︸ ︷︷ ︸
≥ 1

2

+... =∞.

Jinak. Předpokládejme sporem, že

sn → s ∈ R ⇒ s2n − sn → s − s = 0.

Současně ale

s2n − sn =
1

n + 1
+

1

n + 2
+ ... +

1

2n
≥ 1

2n
(2n − n) =

1

2
,

a to je spor.
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1 +
1

2
+

1

3
+

1

4
+ ... +

1

n
+ ... =

∞∑
n=1

1

n
.

Pak, protože pro každé k ∈ N plat́ı
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Uvažujme řadu
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1

k2
<

1

k(k − 1)
=

1

k − 1
− 1

k
,

je

sn =
n∑

k=1

1

k2
< 1 +

1

2 · 1
+

1

3 · 2
+

1

4 · 3
+ ... +

1

n · (n − 1)
=

= 1 +

(
1

1
− 1

2

)
+

(
1

2
− 1

3

)
+

(
1

3
− 1

4

)
+ ... +

(
1

n − 1
− 1

n

)
= 2− 1

n
,

a proto

2 ≥
∞∑
n=1

1

n2
=
π2

6
.

= 1, 6449... .
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Uvažujme řadu
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Uvažujme řadu
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n∑
i=1

1

i
≤
(

1 +
1

p1
+

1

p2
1

+ ... +
1

pα1

)(
1 +

1

p2
+

1

p2
2

+ ... +
1

pα2

)
· · ·

· · ·
(

1 +
1

pk
+

1

p2
k

+ ... +
1

pαk

)
≤

≤
(

1 +
1

p1
+

1

p2
1

+ ...

)(
1 +

1

p2
+

1

p2
2

+ ...

)
· · ·
(

1 +
1

pk
+

1

p2
k

+ ...

)
≤

≤ 1

1− 1
p1

· 1

1− 1
p2

· · · 1

1− 1
pk

=
k∏

j=1

(
pj

pj − 1

)
=

k∏
j=1

(
1 +

1

pj − 1

)
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⇒

⇒ ln
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 k∏
j=1
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1 +

1

pj − 1

) =
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j=1

ln

(
1 +

1

pj − 1

)

Nyńı si všimněme, že pro každé x > −1 je ln(1 + x) ≤ x ,

a proto
ln

(
n∑

i=1

1

i

)
≤

k∑
j=1

1

pj − 1
≤ 2

k∑
j=1

1

pj
.

Odtud již snadno plyne∑
p ∈ N

p je prvoč́ıslo

1

p
≥ lim

[
1

2
ln

(
n∑

i=1

1

i

)]
=∞.
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Nyńı si všimněme, že pro každé x > −1 je ln(1 + x) ≤ x ,

a proto
ln

(
n∑

i=1

1

i

)
≤

k∑
j=1

1

pj − 1
≤ 2

k∑
j=1

1

pj
.
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Věta.

Posloupnost

cn :=

(
1 +

1

2
+

1

3
+

1

4
+ ... +

1

n

)
− ln n

je konvergentńı,

tzn. že existuje c ∈ R takové, že lim cn = c .(
c

.
= 0, 57721566490153286060651209008240243104215933593992 ...

... Eulerova konstanta

)
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O čem tato p̌rednáška taky je.
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Ř + A + D + Y + ...

O čem tato p̌rednáška taky je.

Leibnizova řada.

Určeme součet (konvergentnı́) řady

1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+

1

7
− · · · =

∞∑
n=1

(−1)n−1

n
.

s2n =

(
1 +

1

3
+

1

5
+ · · ·+ 1

2n − 1

)
−
(

1

2
+

1

4
+

1

6
+ · · ·+ 1

2n

)
=

=

(
1 +

1

2
+

1

3
+

1

4
+

1

5
+ · · ·+ 1

2n

)
− 2

(
1

2
+

1

4
+

1

6
+ · · ·+ 1

2n

)
=

=

(
1 +

1

2
+

1

3
+ · · ·+ 1

2n

)
−
(

1 +
1

2
+

1

3
+ · · ·+ 1

n

)
=

= (c2n + ln(2n))− (cn + ln n) = c2n − cn + ln 2,

a proto (cn → c ∈ R):

s2n → c − c + ln 2 = ln 2

s2n+1 = s2n +
1

2n + 1
→ ln 2 + 0 = ln 2

 ⇒ sn → ln 2 =
∞∑
n=1

(−1)n−1

n
.
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Leibnizova řada.
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1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+

1

7
− · · · =

∞∑
n=1

(−1)n−1

n
.

s2n =

(
1 +

1

3
+

1

5
+ · · ·+ 1

2n − 1

)
−
(

1

2
+

1

4
+

1

6
+ · · ·+ 1

2n

)
=

=

(
1 +

1

2
+

1

3
+

1

4
+

1

5
+ · · ·+ 1

2n

)
− 2

(
1

2
+

1

4
+

1

6
+ · · ·+ 1

2n

)
=

=

(
1 +

1

2
+

1

3
+ · · ·+ 1

2n

)
−
(

1 +
1

2
+

1

3
+ · · ·+ 1

n

)
=

cn :=

(
1 +

1

2
+

1

3
+

1

4
+ ... +

1

n

)
− ln n

= (c2n + ln(2n))− (cn + ln n) = c2n − cn + ln 2,

a proto (cn → c ∈ R):

s2n → c − c + ln 2 = ln 2

s2n+1 = s2n +
1

2n + 1
→ ln 2 + 0 = ln 2

 ⇒ sn → ln 2 =
∞∑
n=1

(−1)n−1

n
.
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1− 1

2
+

1

3
− 1

4
+

1

5
− 1

6
+

1

7
− · · · =

∞∑
n=1

(−1)n−1

n
.

s2n =

(
1 +

1

3
+

1

5
+ · · ·+ 1

2n − 1

)
−
(

1

2
+

1

4
+

1

6
+ · · ·+ 1

2n

)
=

=

(
1 +

1

2
+

1

3
+

1

4
+

1

5
+ · · ·+ 1

2n

)
− 2

(
1

2
+

1

4
+

1

6
+ · · ·+ 1

2n

)
=

=

(
1 +

1

2
+

1

3
+ · · ·+ 1

2n

)
−
(

1 +
1

2
+

1

3
+ · · ·+ 1

n

)
=

= (c2n + ln(2n))− (cn + ln n)

= c2n − cn + ln 2,

a proto (cn → c ∈ R):

s2n → c − c + ln 2 = ln 2

s2n+1 = s2n +
1

2n + 1
→ ln 2 + 0 = ln 2

 ⇒ sn → ln 2 =
∞∑
n=1

(−1)n−1

n
.
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O čem tato p̌rednáška taky je.
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Ř + A + D + Y + ...

O p̌rerovnáváńı řad.
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Neabsolutně konvergentńı řady.

Věta.

Necht’
∞∑
n=1

an ∈ R ,
∞∑
n=1

|an| =∞.

Pak

pro každé s ∈ R ∪ {+∞,−∞} existuje bijekce ϕ : N→ N taková, že

∞∑
n=1

aϕ(n) = s;

existuje bijekce ψ : N→ N taková, že součet řady
∞∑
n=1

aψ(n) neexistuje.

(Vhodným p̌rerovnáńım neabsolutně konvergentńı řady lze źıskat jakýkoliv výsledek.)
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Věta.

Necht’
∞∑
n=1

|an| ∈ R

a bud’

ϕ : N→ N bijekce.

Pak
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n=1

an =
∞∑
n=1

aϕ(n) ∈ R.

(Součet absolutně konvergentńı řady a řady vzniklé jej́ım p̌rerovnáńım je stejný.)
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