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,,Neumı́m-li něco vysvětlit jednoduše, pak tomu dostatečně nerozumı́m.”

A. Einstein
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Geometrie soustav lineárńıch rovnic

Pohled po řádćıch

x1 + 2x2 = 1
x1 − x2 = 2
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Geometrie soustav lineárńıch rovnic

Pohled po sloupćıch

x1 + 2x2 = 1
x1 − x2 = 2
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Geometrie soustav lineárńıch rovnic

Nejjednodušš́ı soustavy: x1, x2 ,,̌reš́ıme” nezávisle

x1 = 1
x2 = 2
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Geometrie soustav lineárńıch rovnic

x1, x2 řeš́ıme nezávisle ⇔ a1⊥a2

x1 − x2 = 1
x1 + x2 = 2
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Souvislost Pythagorovy věty a d́ıvky z Playboye

Pythagorova věta

‖a‖2 + ‖b‖2 = ‖c‖2,

kde

‖a‖ =
√
a · a

je norma vektoru a

x · y := x1 y1 + x2 y2 + . . .

je skalárńı součin vektor̊u.
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Souvislost Pythagorovy věty a d́ıvky z Playboye

Kolmost neboli ortogonalita

a + b = c,

t.j.

(a + b) · (a + b) = c · c,
t.j.

‖a‖2+‖b‖2+2a · b = ‖c‖2.

Tedy pro a,b 6= 0:

a⊥b ⇔ a · b = 0.

Mı́ra kolmosti:

cosα =
a · b
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Souvislost Pythagorovy věty a d́ıvky z Playboye

Ortogonálńı projekce vektoru b na vektor (př́ımku) a

Hledám x ∈ R:

b− x a =: e⊥a,

t.j.

(b− x a) · a = 0,

t.j.

x =
b · a
a · a , Pa(b) := x a.
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Geometrie soustav lineárńıch rovnic

x1, x2 řeš́ıme nezávisle ⇔ a1⊥a2

x1 − x2 = 1
x1 + x2 = 2
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x1 =
b · a1
‖a1‖2

, x2 =
b · a2
‖a2‖2
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Pythagorova věta a JPEG

Projekce vektoru do (hyper)roviny: JPEG komprese

bitmapa 5%-komprese Fourierovou báźı



Pythagorova věta a JPEG

JPEG: Fourierova L2–ortogonálńı báze fjk(x, y) := eıω(jx+ky)

Re f11(x, y) Re f12(x, y) Re f21(x, y) Re f22(x, y)
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Pythagorova věta a JPEG

Projekce vektoru do (hyper)roviny: Lena — ,,prvńı dáma internetu”

Lena Sjööblom, playmate 1972 Lena Söderberg, 1997



Metoda nejmenš́ıch čtverc̊u

Ortogonálńı projekce vektoru b na vektor (př́ımku) a

x = 2
x = 1
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Nejlepš́ı kandidát na řešeńı
je x̂ ∈ R:

x̂ a = Pa(b).

−0.5 0 0.5 1 1.5 2
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

a

b
e

Pa(b)

x1

x
2



Proložeńı EKG signálu lékařským modelem

Projekce vektoru do (hyper)roviny: zpracováńı EKG signálu

model EKG signálu
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Souvislost Pythagorovy věty a superpoč́ıtáńı

Přibližné řešeńı soustav metodou prostých iteraćı — 1. iterace
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Souvislost Pythagorovy věty a superpoč́ıtáńı

Přibližné řešeńı soustav metodou prostých iteraćı — 2. iterace
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Souvislost Pythagorovy věty a superpoč́ıtáńı

Přibližné řešeńı soustav metodou prostých iteraćı — 3. iterace
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Souvislost Pythagorovy věty a superpoč́ıtáńı

Analýza konvergence metody prostých iteraćı

a1 :=

(
1
0

)
, a2 :=

(
cosα
sinα

)
: rk+1 = b− xk+1

1 a1 − xk+1
2 a2

= b− (xk1 + rk1) a1 − (xk2 + rk2) a2

= rk − rk1 a1 − rk2 a2
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(
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≤ ‖rk‖2Kα

Metoda konverguje pro α ∈ (π/6, 5π/6)∪ (−5π/6, π/6): ‖rk+1‖
‖rk‖ ≤

√
2(1− sinα) < 1.

Přesnosti ε je dosaženo v k ≥ log ε/ log
√
Kα iteraćıch.

Zpřesněńı řešeńı o 1 řád vyžaduje konstantńı počet iteraćı.



Souvislost Pythagorovy věty a superpoč́ıtáńı

Zlepšeńı konvergence metody prostých iteraćı — předpodmı́něńı

x1 a1 + x2 a2 = b

Hledáme dva r̊uzné směry c1, c2 6= 0 tak, aby modifikovaná ekvivalentńı soustava měla
kolměǰśı sloupce
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Iteračńı metoda předpodmı́něná multigridem

Pole elektromagnetu — 18 milion̊u rovnic/neznámých

úroveň počet hran PCG iter. CPU Mem
0 39.310 1 4 min 23 s 269 MB
1 299.166 3 5 min 20 s 834 MB
2 2.333.312 3 13 min 5,14 GB
3 18.428.912 3 1 h 18 min 39,64 GB
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Osnova

• Geometrie soustav lineárńıch rovnic
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Pythagorova věta, d́ıvka z Playboye a superpoč́ıtáńı

Př́ıklad do ŠKOMAM CUPu

Jakou největš́ı čtvercovou soustavu lineárńıch rovnic by vypoč́ıtal
za 1 hodinu nejlepš́ı, viz www.top500.org, poč́ıtač na světě, č́ınský
Tianhe-2, Kramerovým pravidlem bez použit́ı řádkových úprav,
uvažujeme-li pouze instrukce násobeńı, kterých provede 33, 8 · 1015 za
sekundu?


